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Abstract 

An effective tlieory of large Nc QCD of mesons has been used to study six K14 
decay modes. It has been found that the matrix elements of the axial-vector current 
dominate the Ki4^ decays. PCAC is satisfied. A relationship between three form factors 
of axial-vector current has been found. Non-zero phase shifts are originated in p ^ vrvr. 
The decay rates are calculated in the chiral limit. In this study there is no adjustable 
parameter. 
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1 Introduction 

There is rich physics in kaon decays. Study on rare kaon decays are still active. The 
theoretical study of K14 decays has a long history [1,2]. 

In Ref.[3] we have proposed an effective theory of large Nc QCD[4] of mesons. In this 
theory the diagrams at the tree level are at the leading order in large Nq expansion and the 
loop diagrams of mesons are at higher orders. This theory is phenomenologically success- 
ful [5, 6, 7]. We have used this theory to study -ftT/sp], K — > ej^7[5,8], kaon form factors [7], 
and ttK scattering [6] in the chiral hmit. Theoretical results agree well with data. In these 
studies VMD and PCAC are satisfied. There are five parameters in this theory: three cur- 
rent quark masses, a parameter related to the quark condensate, and a universal coupling 
constant g which is determined to be 0.39 by fitting p — > ee"*". All parameters have been 
fixed by previous studies. 

In this paper we use this theory of pseudoscalar, vector, and axial vector mesons[3] to 
study K~ TT'^TT'lv, TT^TT^/i/, and Kl — >■ tt'^tt^I^i'. In the study of K14 there is no adjustable 
parameter. 

The Lagrangian of the theory of Ref. 3Y is 
jC = i){x){i'y ■d + ^f-v + ^-a'y^- mu{x))ijj{x) + ^mKpfpi^i + uji^u^ + a^a^i + fi^f^) 
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+i^{x)Ll ■ Wij{x)L + Cw + Upton - i'Mi;, (1) 

where = na^ + X^K^ + (| + -^X^)U + (| - -^>^s)fs^.{^ = 1,2,3 and a = 4,5,6,7), 
= ^iPii + ^aK* + (I + 75 Ag)^;^ + (I - 73^^8)0^, ^ boson, and w = exp{75i(rj7rj + 

AaiT" + ?7 + m is a parameter, and M is the mass matrix of u, d, s quarks. The masses 

ml, ml, and m| have been determined theoretically. 
Using the notations of Ref.[l], we have 

■ H'^ 

< 7r'7T^\V^\K >= —e/^^VlPi +P2)x{pi -P2)p, (2) 

where pi,P2,P are momenta of two pions and kaon respectively, q — p — Pi — P2, and — 
+, — , 0. We define 

ql^(p- ?2 = (p - P2)^ ql = (pi + P2)^- 

The form factors, F*-', G^^ , E}^ and ff*-' are functions of gi, g|, and gg. These four variables 
satisfy 

ql + ql + ^1 = + 2rr4 + 

The paper is organized as: l)introduction; 2)isospin relation; 3)form factors of vector current; 
A)K* — > Kt^tt decay; 5)form factors of axial-vector current; 6)decay rates; 7)conclusions. 
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2 Isospin relation 

For the decay modes K~ — > tt+tt^/zv, 7r°7r°/zv and — > tt'^tt^Iu there are isospin relations 
between the form factors denoted as A^^ . We take -n'^, 7r°, and 7r~ as isospin triplet and 
and K~ as isospin doublet. The isospin relation is obtained as 

A+- = A^^o - (3) 
v2 

where A'^ = H'^ respectively. 

3 Form factors of vector current 

The Vector Meson Dominance (VMD) is a natural result of this theory[3]. The couphng 
between the W bosons and the bosonized vector current(As = 1) has been derived as[5] 

= 3^sznecg{-l{d,W+-d.W^){d,K:--d.K;-)-^{d,W--d.^^^ 

-d.K;-^) + w^j; + w-j^}, (5) 



where is obtained by substituting 



into the vertex in which field is involved. 



The matrix elements of the vector current of K14 are resulted in anomalous vertices of 
mesons. The two subprocesses are shown in Fig.l(a,b). There is contact term. Three kinds 



of vertices are involved: the contact term Ck^k-kh^ C^k*k*i: and Ck*kh , a-nd Ck*kp and C/y^T^. 
In the chiral hmit, ^ 0, all these vertices have been derived from the Lagrangian (1) [3] 
and are listed below 

g j-K 

Ck*k. = ^f{q')faHK;id,n'K' - 7r%K'), 



c — 



9 U 

2 

J^pn^ = -fiq'^)e,,jkplTT^d^n''\ (6) 
2 fir fir^ 

g-^^f^ g g^ mm 

From theses vertices the form factors h^^ are found 

+_ m\m\. 1 6c 6c2 Nc f{ql) 



- ttV^ g g^ f/^TT^/TT ?i - mj^. 

Nc f{ql) 



^9'^'Uqi-mj + i^,r{qi) 



h (8) 



s/2q^-m\* TT^f^ g g'^ ttV/tt ?! - ql - m\;. 



ql-ml + iJqlTp{ql) 



]}, (10) 
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where Fp is the decay width of p meson 

The equations(8-10) show that the isospin relation(3) is satisfied. 

4 K* ^ Ktttt decay 

The vertices(6,7) are responsible for the decay of K* — > Kmr. As a test the decay widths of 
K* Kirn are calculated 

r{K*- ^ K-TT+TT-) = / dkldkUpbl - iPi-P2n\A\' = 0.29 X lO-'GeV (12) 

which is less than the experimental upper limit [9], where A is the amplitude 

4 6c 6c^ AN^ fikl) 



filq) 



(13) 



9'^'fnki-ml + i^,Tp{kl) 
where kf — {p + Pi)^, k^ — {p + P2)^, ^3 — {Pi +^2)^, and Pi,P2,P are momenta of 7r'^,7r 
and K~ respectively, r^^. is the decay width of K* 



r(A- ^ A-.V) = ia,(j)3„^. /''fc;^'=lfel - (p^-m 
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fih) 



= 0.61 X IQ-^GeV. 



f{k2) 



(15) 



V{K* 
where 



^°^"^°) = ^^(^^ / dkldkUplpl - (p, ■p2n\B\' = 0.38 X lO-'GeV, (16) 



V2y/f 9 
f{k2) 



6c 6c^ , 
+ — ) + 
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r V27rVA A;?-m2,. + iyfc2rx*(A;?) 

/(^3) 



+ 



Eq.(16) is compatible with the data 9Y. 



}■ 
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5 Form factors of axial-vector current 

In the chiral hmit, the axial- vector part of the interaction between W-boson and mesons is 
expressed as [5] 

= ^-fjjinec{-\{d,W^ - d.W^){d^Kr - d^K^') + W^^jJ) 
+^stn9cAm^faW^K^'' + ^ sin echW^d'^K^, (18) 

where are obtained by substituting K^^ ^sinOcW^ into the vertex in which Ka fields 
are involved, 



Am' = 6m^/ = f^{l - -^)-\ (20) 



J n 

2gml 



c=;Tr^- (21) 



The mass of Ki meson is determined by 

~ 2^^""^! " ^"^^ + ^^^^ 

The numerical value is m^^ = 1.322Ge\/ which is compatible with the data [9]. 

Two subprocesses contribute to the matrix element of the axial- vector current. They are 
shown in Fig.2(a,b). The vertices of mesons involved in these processes are jC,KiK*n, J^K*Kn 
and Ck^pk-i C(m-K- There is a contact term Ck^ktt-k too. However, the calculation shows that 
the contribution of the contact term is very small and negligible. In the chiral limit, these 
vertices have been derived from the Lagrangian(l) 

^:k,k*. = fau{A{p')KlK;'7r' - BKl^K*J'd,.'K^ + DKt^d^{Kfd'''K^)} (23) 
Ck.pK = -faH{A{p')Kt^p'^K' - BK^^pid,.K' + DK^d'^ipid'' K')}, (24) 



where 



- 7 - - 7)1}- P5) 

^■^ = /?(l-y)-'. (26) 



where q and p are the momentum of Ki and the vector meson respectively. 

Ck^k. = ^faMf{p')K;{K%7T^ - 7r%K'), (29) 
= '^eijJ{p^)f/^7vWy, (30) 
/(/) = l + ^[(l-yf-47rV], (31) 

where p is the momentum of the vector meson. 
By using Eqs. (18,23,24), we obtain 

V2 - rriK^ 

-l^{A{p,)plK- - Bpldx^K-}\K- > . (32) 

In the chiral hmit PCAC is satisfied. The reason is that the Lagrangian(l) is chiral symmetric 
in the hmit — > 0. On the other hand, the satisfaction of PCAC is resulted in the 
cancellations between the four terms of Eq.(18). The Eq.(18) shows that the axial-vector 
current has more complicated structure than the vector current does(5). Because of the 
PCAC the form factor R(2) is not an independent quantity and determined as 

R^--^{q- (pi + P2)F + q-{pi- P2)G}. (33) 



Substituting the vertices (2 9, 30) into Eq.(32), the three form factors are obtained 



+ ^-^^ Bp . {p, - pO}, 



^(?3)}- 

In the same way the form factors of other two decay modes are obtained 

-{-2 — —^h^i.qi) + 7^B[p2-p + P2-Pi)\ 



2 q^ — m]^^ ""gi-m^, '2' 



+ -/^[-^^(?2) + \B{p,.p + p, .p,)]}, 



- m|f, '2 ' 2 

+ '^-^^= Bp . {p,-p2)}, 

qi-ml + i^qirp{qi) 

52 m;^, ^ z qi-ml + isJqiVp{qi) 

The isospin relations (3) between these form factors are satisfied. 
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The partial wave analysis of these form factors can be done. The decay channel p — > tttt 
contributes to the decay modes of tt+tt" and tt+tt". The range of the variable g| is 4m^ < 
g| < {rriK — rniY in which the decay width Tp{q^) is not zero. The form factors, A^' and 
A^^ are complex functions of q^. The p ^ tttt doesn't contribute to 7r°7r° mode. Therefore, 
F"" and 6*°° are real. are decays at low energies, s- and p- waves are major partial 
waves. The ql and gf| variables are expressed as 



frame of the two pions. 

The s- and p- wave amplitudes are obtained from Eqs. (34-39) 

1. F+~ is real. Only Fig. 2 (a) contributes to it. Fp~ is a complex function of g| resulted 



qI -\{rnl + 2ml + - ql) + (1 - ^f^XcosO^, 
ql -l{mjc + 2ml + <f - ll) - (1 - ^t^Xcose.^ 



(40) 



(41) 



where X = {\{m\ — (f — q^Y — q^q^}^ and is the angle between pi and p in the rest 



by p — > TTTT. Fp has a phase shift. 




(42) 



2. Gf is complex and has a phase shift. is real. 



G+- = |G+-|e'^^" +G+-(1 




(43) 
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3. Both and G^^ are real. 

= \Gl'\{l-^)h^cos9^. (44) 
P qi mji 

4. The isospin of the two pions of the 7r+7r° mode is one. Because of Bose statistics 
only has p-wave which is complex and has phase shift. G~^^ has s wave only. is 
complex and it has phase shift. 

C+o = IGfle'^". (45) 
All the phase shifts are caused by the decay p — > tttt and functions of and q^. 



6 Decay rates 

The decay rates of the three modes of Kg4 and are calculated. As mentioned above, 
all the form factors are derived in the chiral limit. Therefore, only the leading terms of the 
masses of kaon and pions are kept in the calculation of the decay rates. 

Ignoring me, only the form factors F, G, and H contribute to the decay rates of K^^. By 
using the formula of Ref . [1] we obtain 

r{K- n+TT-eu) = 2.06 x lO'^^GeV, B = 3.87 x 10"^ 
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r{K- TrVezv) = 0.221 x lO'^^GeV, B = 0.42 x 10"^ 
T{K- 7r+7r°ezy) = 3.24 x lO'^^GeV, B = 2.55 x 10"^ 
The experimental data are 

S(7r+7r-) = (3.91 ± 0.17) x lO^^'^ilO], 

S(7rV) = (2.54 ±0.89) x 10-^(10 events)[ll], 
S(7r-7r°) = (5.16 ± 0.20 ± 0.22) x 10~^[12], 
Bin-Ti^) = (6.2 ±2.0) x 10"^[13], 
B{7i-7T°) < 200 X 10"^[14]. 

Theoretical result of tt+tt" mode agrees well with the data. 

The form factors of the vector current are determined by anomalous vertices. The nu- 
merical calculation shows that the contribution of the form factor H is only 0.5% of the total 
decay rate of K" — > 7r"'"7r"ei^. Therefore, the axial- vector current dominates the K14 decays. 

As shown in Fig.2(a,b) there are two channels in K14 decays. Numerical calculation of 
K~ — >• 7r+7r~ez/ shows that the contribution of p — > 7r7r(Fig.2(b)) is twice of the process, 
K* Ktt, (Fig.2(a)). Only the process(Fig.2(a)) contribute to K" n^-K^ev. Because 
of Bose statistics there is an additional factor of | in the formula of the decay rate of this 
mode. Therefore, this theory predicts smaller decay rate for this decay mode. On the other 
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hand, the numerical calculation shows that the process(Fig.2(b)) is the major contributor of 
the decay —>■ tt+tt^cz^. The theory predicts a larger branching ratio for K'^ —>■ n^n'^ei'. 
All the form factors contribute to Xju4 decays. Eq.(33) shows that in the chiral hmit PCAC 
predicts that the form factor R is determined by other two form factors, F and G. The 
branching ratio of provides a test on this prediction. The numerical results are 

r{K- TT+TT-yuz/) = 0.634 X lO'^^GeV, B = 1.19 x 10"^ 

T{K- 7r%^iiu) = 0.673 x lO'^^GeV, B = 0.126 x 10"^ 
T{k^ TT+TT^liu) = 1.01 X IQ-^^GeV, B = 0.793 x 10"^ 
The experimental data[9] is 

B(K- 7r+7r-//iv) = (1.4 ± 0.9) x 10"^ 

Theory agrees with the data well. 

7 Conclusion 

All the four form factors of K14 have been derived from an effective theory of large Nq QCD 
in the chiral limit. It has been found that the contribution of the vector current is negligible 
and the axial-vector current is dominant in K14 decays. PCAC is revealed from the theory. 
In the chiral limit it has been predicted that the form factor R is determined by the form 

14 



factors F and G. The prediction has been tested by K" — > 7r+7r~/xi/. Theory agrees with the 
data. The partial wave analysis has been done. Non-zero phase shifts originate in the decay 
p TTTT. The process Ki — > pK and p — > 7r7r(Fig.2(b)) plays important role in Ki^^ decays. 
Because of this channel the theory predicts larger branching ratio for — > TT'^TT~ei' and 
— > TT+TT^ez^. The former agrees well with the data, p resonance doesn't contribute to 
K~ — > 7r°7r°ei/. Therefore, the branching ratio of this decay mode is predicted to be smaller. 
This research was partially supported by DOE Grant No. DE-91ER75661. 
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Figure Captions 

Fig.l Feynman Diagrams of vector current 
Fig. 2 Feynman diagrams of axial- vector current 
Fig. 3 Phase shifts 

Fig.4 Phase shifts Fig.5 Phase shifts 
Fig. 5 Phase shifts 
Fig. 6 Phase shifts 
Fig. 7 Form factors od tt+tt" mode 
Fig.8 Form factors od tt+tt" mode 
Fig. 9 Form factors od tt+tt'^ mode 
Fig. 10 Form factors od tt+tt^ mode 
Fig. 11 Form factors od tt^tt" mode 
Fig. 12 Form factors od 7r°7r° mode 
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Fig.l 
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Fig.2 
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Fig.ll 

28 



2.5 - 



0.00 0.01 0.02 0.03 0.04 0.05 



Fig.l2 
29 



